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1. INTRODUCTION 
In 1961, K. Fan generalized KKM theorem which was proved by Knaster, Kuratowskl and 
Mazurkiewicz [1] to the infinite-dimensional Hausdorff topological vector spaces [2]. 
THEOREM A. FAN LEMMA. Let X be a nonempty subset of a Hausdorff topologicaI vector 
space Y Let F : X --* 2 g \ 0 with closed value, such that 
(11) for any ~qnite s~bset {~, x~,..., x,,) c x, oo(x~, ~2,..., Xn} C U,L~ F(~,), 
(A2) 3 5: E X s. t. F(~) is compact. 
Then N~ex F(~) ¢ 0. 
From then on, a lot of generalized KKM type theorems were obtained, see [3-5]. But before the 
H-space [6-8] was introduced, all of KKM type theorems were established in topological vector 
spaces. In 1983, Horvath gave a purely topological version of the generalized KKM theorem in 
which the convexity assumptions were replaced by contractibility [8]. Based on I-Iorvath's work, 
Ding introduced the concept of generalized H-KKM mapping in H-space. Recently, following the 
concepts of G-convex space [9,10], G-H-convex space [11] and L-convex space [12] were introduced, 
a lot of generalized KKM type theorems were established in topological spaces without linear 
structure, see [12-15]. 
In this paper, we first introduce some new classes of S-G-L-KKM theorems and G-L-KKM 
theorems established on L-convex space (Y, H, {p}) in Section 3. As applications of the above 
theorems, we obtain some new minimax mequMitms in Section 4. 
0898-1221/05/$ - see front matter  (~) 2005 Elsevier Ltd All rights reserved Typeset by .Afl,CS-~_/X 
dol 10 1016/j camwa 2005 01 021 
124 C -Y JIN AND C.-Z. CHENG 
2. PREL IMINARIES  
Let X be a topological space, 2 x and 2 X, respectively, denote the power set of X and the 
nonempty power set of X, $-(X) denotes the family of all nonempty finite subsets of X. Let A n 
be the standard n-dimensional simplex {e0, eb . . . ,  en} of R n. 
A triple (X, H, {p}) is called an L-convex space [12] if X is a topological space, H :  ~-(X) -~ 2 z 
a mapping, such that for each F = {x0,xl , . . . ,x~} E 9v(X), there is a continuous mapping 
p : A n --~ H(F),  such that for each {X~o,X~l,...,x~k} C F, we have p({e,o,e~l,...,e,k}) C 
Given an L-convex space (X, H, {p}), a set D C X is said to be L-convex if for any A E $'(D), 
H(A) C D. A subset D of X is said to be finitely L-closed (open) in X ff D N H(A) is closed 
(open) m H(A) for all A E 5=(X). A subset D of X is called compactly closed ff D is closed 
relative to every compact subset of X. 
It is clear that each closed set of X is fimtely L-closed and compact closed in X. Since 
(Z \ D) n g(A1) = H(Ai)  \ D = g(A i )  \ (D A H(Ai))  for all A1 C A E $'(X), then X \ D is 
finitely L-open in X when D is finitely L-closed in X. 
If an L-convex space (X, H, {p}) satisfies Condition (a): for any A, B E 9~(X), A C B implies 
H(A) c H(B),  then the pair (X, H) is called a generalized convex (G-convex) space [9]. 
If an L-convex space (X, H, {p}) satisfies Condition (b): for any A, B E iP(X), there exists 
Ai c A, such that Ai C B implies H(Ai)  C H(B), then the pair (X, H) is called a generalized 
H-space (G-H-space) [11]. 
If Condition (a) is satisfied and H(A) is a nonempty contractible subset of X for any A E he(X), 
then the pair (X, H) is called an H-space [6-8]. 
Obviously, the conception of L-convex space includes the H-space, G-convex space, and G-H- 
space. 
DEFINITION 1. Let X be a nonempty set and (]I, H, {p}) be an L-convex space. A mapping T : 
X ~ 2 Y is said to be G-L-KKM if for any {x0, x i , . . . ,  xn} E Jz(X), there exists {Yo, Yi,.-.,  Y,~} E 
jz(y), such that for any {Y~o,Y~I,... ,Y~k} C {Yo,Yi,... ,Yn} we have 
k 
H({y,o,y,~ . . . .  ,y~}) C U T(x~3). 
2=0 
DEFINITION 2. Let X be a nonempty set and (Y~ H, {p}) be an L-convex space. Let S : X --+ 2 Y 
be a function. A mapping T : X --+ 2 Y is said to be S-G-L-KKM if for any {xo, xl~...~Xn} E 
there exist e S(x ) = O, 1 , . . . ,  n), such that for any {Y,o, Y I, • - ,  C {y0, y l , . . . ,  
we have 
k 
H({Y,o,Y, , , '" ,Y,k}) C U T(x'3)" 
3=0 
Let f : X x Y --* R. For any x 6 X, and any r E R, we denote 
T](x) = {y E Y :  f (x ,y)  < r}. 
3. S -G-L -KKM THEOREMS 
THEOREM 1. Let X be a nonempty set and (Y, H, {p}) be an L-convex space. Let T : X --+ 2[ 
with finitely L-closed values and S • X ~ 2[ 
(i) If T is an S-G-L-KKM mapping, then for any {x0 ,x l , . .  ,xn} E .~(X), there exist y, E 
S(x,) (i = O, 1, . . . ,  n), such that 
H({y0,y l , . . . , yn})  n T(x ) ¢ O. 
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(ii) fffor any {x0,xl , . . .  ,x,~} E $-(X), there exists ~ E Y, such that ~ E [~=o(T(x,)nS(x,)), 
and H(~) = {~}, then T is an S-G-L-KKM mapping. 
PROOF. Suppose that (i) is not true. Then there exists F = {xo,x l , . . .  ,x~} C $'(X), such that 
for any P E Q, where V = {{yo,yl, . . .  ,y~} I (yo,yl .... ,y~) e S(xo) x S(xl) x . . .  x S(x,~)}, 
H(P) n = 
Especially for L = {yo, Y~,-.., yn} E Q which corresponds to F = {xo, Xl , . . . ,  x~} in Definition 2 
we have 
:0 .  
It follows that 
H(L) C Y T(x,) = U(Y  \ T(x~)). (1) 
~0 
Since (Y, H, {p}) is an L-convex space, there exists a continuous mapping p : A n ~ I-I(L), such 
that for any Lk = {y~o, y , , , . . . ,  y,~ } C L, 
p (A k) C H(Lk). (2) 
By (1), we have 
n 
p(A ) c U((Y \ T(x,)) n H(L)). 
"t=O 
By T(x) is finitely L-closed in Y for any x E X, we have (Y \ T(x)) n H(L) is open in H(L) for 
any x E X, and then {(Y \ T(x,))M H(L)}~= o is an open cover of p(A~). Assume that {¢~},~0 is
the continuous partition of unity subordinated to the open cover {(Y \ T(x,)) M H(L)}'~= o. Then 
for any z E {0, 1, . . . ,  n}, ¢~ : p(A n) ~ [0, 1] is a continuous mapping with ~--~0 ¢~(Y) = 1 for 
any y E p(A~), and 
{y e p(An) : ¢,(y) ¢ 0} C (Y \ T(x,)) N H(L) C Y \ T(x,). (3) 
Define a mapping ~b : p(A ~) -~ A ~ by 
for any y E p(A~). 
Then by Brouwer's fixed-point theorem, continuous mapping ¢p : A ~ --~ A ~ has a fixed point, 
i.e., there exists 5 E A ~, such that 2 E ¢p(5). Let ~ = p(~), then 
= ¢(Y) = ~ ¢3(Y)e9 E A J(~), (4) 
3EJ(~) 
where J(~) = {3 E {0, 1, . . . ,  n} : ¢3(Y) ¢ 0}. Since T is an S-G-L-KKM mapping, it follows 
from (2) and (4) that 
3eJ(~) 
Hence there exists a 2 E J(~), such that ~ E T(x3). But by the definition of J(y), we have 
¢3 (Y) ¢ 0 which implies that ~ E Y \ T(xj) which is a contraction. Therefore the conclusion 
of (i) holds. 
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Since for any {xo,x l , . . .  ,xn} E ~(X) ,  there exists ~ E Y, such that ~ E A~o(T(x~) n S(x~)), 
n 
we can take yo -- yl . . . . .  y,~ = ~ E N~=oS(x~), such that for any {Y~o,Yu,... ,Y~} C 
{yo, y l , . . . ,  yn} we have 
k 
H({y,o,y~,,...,y~,}) = H(~) = {~} c U T (x~).  
j=0  
Then T is an S-G-L-KKM mapping. 
Theorem 1 generahzes Lemma 2.1 of [16], and it is different from Theorem 3.1 of [17]. Taking 
S(x) = Y for any x E X, then from Theorem 1 we have the following corollary. 
COROLLARY 1. Let X be a nonempty set and (Y, H, {p)) be an L-convex space. Let T : X ~ 2 v 
with finitely L-dosed vatues. 
(i) I fT  is a G-L-KKM mapping, then for any {xo,x l , . . .  ,x~} E he(X), there exist {Y0,Yl, 
... ,y~} E J:(Y), such that 
H({yo,yl . . . .  ,y~}) n T(x~) ¢ ~. 
(ii) If for any {x0, x l , . . . ,  z~} E 5r(X), there exists ~l E Y, such that ~ E ~=o T(x~), and 
H(~) = {~}, then T is a G-L-KKM mapping. 
From Theorem 1, we also have the following Theorems 2 and 3. 
THEOREM 2. Let X be a nonempty set and (Y, H, {p}) be an L-convex space. Let T : X -~ 2~ 
with finitely L-dosed values and S : X --~ 2 Y. Suppose that 
(i) T is an S-G-L-KKM mapping; 
(ii) there exist M E ~(Y)  and N E Y:(X), such that H(M) is compact and NxeN T(z) C 
H(M).  
Then 
PROOF. Let ) 
Then G(x) C H(M) and G(x) = G(x) N H(M) = A~e{x)ng(T(z) A H(M)).  Since T(x) is 
finitely L-closed for any x E X,  G(x) is closed and furthermore compact in H(M) for any x E X. 
By Theorem 1 we have that for any finite subset F = {x0,x l , . . . ,xn} of X,  N,~=o G(x~) = 
Nx6Fng T(x) ~ q}, that is, G has finite intersection property. Then we have N~ex G(x) ~ ¢, and 
then H(M) M (N~ex T(x)) # ¢. This completes the proof. 
THEOREM 3. Let X be a nonempty set and (]1, H, {p}) be an L-convex space with H(A) is 
compact in Y for any A c Y:(Y). Let K be nonempty compact subset of Y. Let T : X --+ 2[ 
with compactly closed values and S • X -* 2[ Suppose that 
(i) T is an S-G-L-KKM mapping; 
(ii) for any F = {x0, Xl , . . . ,  xn} E ~(X),  and {Y0, Yl , . . . ,  yn} E J:(Y) which corresponds to 
{xo, Xl , . . .  ,xn} as Definition 2, there exists a compact L-convex set EF C Y, such that 
{y0,yl, . . .  ,yn} C EF and 
xES-- (EF) 
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Then 
PROOF. For any F -- {x0,xl , . . .  ,xn} E 5r(X), define a mapping G: S-I(EF) --~ 2 EF by 
G(x) = T(x) n EF, for any Z C S - I (EF ) ,  
where EF satisfies Condition (ii). 
We first prove that NzeS-~(EF) G(x) ~ 9. By T is an S-G-L-KKM mapping we have for any 
F '  ---- {x10,xl 1 . . . .  ,Xtn} e .~(S-I(EF)), there exists y~ C S(x'~) (z ---- 0,1, . . . ,n) ,  such that for 
. . ,  . ,  ' ' , . . .  ' Uk=oT(x ' , , ) .  Fur thermore  by  any {i0, i i , .  ~k} C {0,1,.  n} we have H({y,o,y,, ,y,k})C 
y: E S(x:) C EF for any i E (0, 1, . . . ,  n} and EF is L-convex, we have g({y:o, y~,,.. . ,  Y:k }) C EF 
for any (~0, zl . . . .  , Zk} C {0, 1, . . . ,  n}. Then we have H((Y:o, y:,, . . . ,  Y~k }) C U~=o(T(x:~)NEF) =
O~=o C(x'~ ), that is, C is an S-C-L-KKM mapping. Since T(x) is compactly closed in X for any 
x E X and H(A) is compact for any A E ~(Y), then for any A E $'(Y), C(x) n H(A) = 
(T(x) N EF) M H(A) = T(x) n (EF A H(A)) is closed m H(d) ,  which implies that G(x) is fimtely 
L-closed in Y. Then by Theorem 1, the family (G(x) : x E S-I(EF)} has the finite intersection 
property. By the compactness of EF we have C(x) is closed in EF for any x 6 S-I(EF), then we 
have ~xeS-~(EF) G(x) ¢ 9. Let y E ~eS-~(EF) C(x). Then we have y E K M~xes-I(EF) T(x) C 
~eF(T(x)  n K). That is, the family {T(x) Q K : x E X} has the finite intersection property. 
Furthermore by the compactness of K, we have K A (N~ex T(x)) ~ 9. This completes the proof. 
4. APPL ICAT IONS TO MIN IMAX THEOREMS 
By using above results, we can prove the following minimax inequalities. 
THEOREM 4. Let X be a nonempty set and (Y, H, {p}) be an L-convex space. Let S : X -~ 2 Y 
be a function. Suppose that f, g : X x Y --~ R satisfy 
(i) f(x, y) <_ g(x, y) for ali (x, y) e Z × Y; 
(ii) for any x E X, f(x, .) is lower semicontinuous onH(A) for any A E jz(y) ; 
(iii) for any F = {x0, x l , . . . ,  xn} E $'(X) there ex/st y~ E S(x,) (i = O, 1, . . . ,  n), such that for 
any {io, ~1,..., ~k} C {0, 1, . . . ,  n} and any y E H({y~o, Y~I . . . .  , Y~k}), there exists an index 
I E {0,1, . . . ,k},  such that 
f(x~z ,y) _< max sup g (x~,y') ;
(iv) there exist M E ~'(Y) and N E 9r(X), such that H(M) is compact and 
MT~(x)  CH(M),  foranyr< inf supf(x,y).  
zEN yEH(M) xEX 
Then 
inf sup f(x,y) <_ sup sup g(x,y). 
yEH(M) zeX xEX yCS(x) 
PROOF. Suppose that the conclusion is not true. Then there exist a, fi E R, such that 
inf supf(x,y)_>a>fi>__ sup sup g(x,y). (5) 
yEH(M) x6X x6X y6S(x) 
By (i) and (5) we have 0 ~T~(x)  C TT(x ) for anyx  E X. By (ii) we haveTT(x )MH(A) is 
closed in H(A) for any A E ~'(X), i.e., TT(x) is finitely L-closed in Y for any x E X. 
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Next we prove that T~ is an S-G-L-KKM mapping. By (iii), for any F = {xo,x l , . . . ,xn} E
~(X)  there exist y, E S(x,) (~ = 0 ,1 , . . . ,n ) ,  such that for any {z0,z l , . . . , ik} C {0 ,1 , . . . ,n}  
and any y e H({y, o, Yu, . . . ,  Y,k }), there exists some index m (0 < m < k), such that f(x~,, y) <_ 
supy, es(~,~ ) g(x~,y ' )  <_ ~ Then 
k 
y (x,,) U T7 (x,,). 
3=0 
Therefore, 
k 
H ({Y~o,Y~I,"',Y~k}) C UT~ (xi~), 
3=0 
that is, Tf ~ is an S-G-L-KKM mapping. By Theorem 2 we have H(M)  N (~xex T~(x)) ~ O, 
i.e., there exists ~ e H(M),  such that f (x,~) <_ fl for any x E X. Then we have a g 
infyEg(M) sUP~ex f(x,  y) < p, which is a contraction. Then the conclusion holds. This com- 
pletes the proof. 
REMARK. From above proof, we know it follows from Condition (iii) that T~ is an S-G-L-KKM 
mapping for any/3 _> sup=ex supyEs(x ) g(x, y). 
If S is a single valued mapping, then we have the following corollary. 
COROLLARY 2. Let X be a nonempty set and (Y, H, {p}) be an L-convex space. Let S : X -~ Y 
be a function. Suppose that f, g : X x Y ~ R satisfy 
(i) f (x,  y) < g(x, y) for all (x, y) e X × Y; 
(ii) for any x E X, f (x,  .) is lower semicontinuous on H(A) for any A E 5r(Y) ; 
(iii) for any F = {xo,x l , . . . ,Zn} e Y (X) ,  for any {i0,z l , . . . ,zk} C {0 ,1 , . . . ,n}  and any 
y e H({S(x,o), S(x~,),. . . ,  S(x~k)}), there exists an index I e {0, 1 , . . . ,  k}, such that 
f (x , , , y )  < max 
- -  0<_3<k 
(iv) there exist M e J=(Y) and N E ]:(X), such that H(M)  is compact and 
N T~(x) cH(M) ,  fo ranyr< inf supf(x ,y) .  
xEN yEH(M) xEX 
Then 
inf sup f(x,  y) < sup g(x, S(x)). 
yEH(M) ~EX xEX 
When X = Y, f = g, and S . X --* X is an identity mapping, the next result follows from 
Corollary 2. 
COROLLARY 3. Let (X, H, {p}) be an L-convex space. Suppose that f : X x X --* R satisfies 
(i) for any x E X, f(x,  .) is lower semicontmuous on H(A) for any A e J:(X); 
(ii) for any F = {xo,x l , . . . ,xn} E J:(X), for any {io, i l , . . . , i k}  C {O, l , . . . ,n}  and any 
y E H({x,o,Xu,. . .  ,x~k} ), there exists an index 1 e {0, 1 . . . .  ,k}, such that 
- -  0_<j_<~ 
(iii) there exist M, N E ]:(X), such that H(M) is compact and 
Q {y E X :  f (x ,y)  < r} c H(M),  
xEN 
for any r < inf sup f(x,  y). 
yel l(M) xEX 
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Then 
In particular 
in[ sup f (x ,y)  < sup f (x ,x) .  
yEH(M) xEX xEX 
in[ sup f(x, y) <_ sup f(x, x). 
yEY xEX xEX 
THEOREM 5. Let X be a nonempty set and (Y, H, {p}) be an L-convex space with H(A) is 
compact in Y for any A E $'(Y). Let K be nonempty compact subset of Y. Let S : X ~ 2[ be 
a [unction. Suppose that f, g : X x Y ~ R satisfy 
(i) f (x,  y) <_ g(x, y) for ali (x, y) E X × Y; 
(ii) for any x E X, f(x,  .) is lower semicontmuous on compact subset of Y; 
(iii) for any F = {xo, x l , . . . ,  x,} E :P(X) there exist y, E S(x,) (i = 0, 1, . . . ,  n), such that for 
any {zo, i l , . . . ,  ik} c {0, 1, . . . ,  n} and any y E H({y~ o, y~, . . . ,  y~ }), there exists an index 
l E {O,l , . . . ,k},  such that 
f(x,z ,y) < max sup g(x,~,y');  
o<3<k v~s(%) 
(iv) for any r > supxexSUpyes(x)g(x,y), for any F = {xo,xl, . . . ,x,~} E J:(X) and any 
{Y0, Yl , . . . ,  Yn } E J: ( Y ) which corresponds to {x0, Xl , . . . ,  Xn } as Defimtion 2, there exists 
a compact L-convex set EF C Y, such that {Yo,Yl,... ,Y~} C EF and 
xES- (EF) 
Then 
in[ sup f (x ,y)  < sup sup g(x,y). 
yEK xEX xEX yeS(x) 
PROOF. Suppose that the conclusion is not true. Then there exist a, ~ E R, such that 
in[ supf (x ,y )>a>f~>sup sup g(x,y). (6) 
yEK xEX xEX yeS(x) 
By (i) and (6) we have ~ • T~(x) C TT(x ) for any x E X. By (ii) we have T~(x) is compactly 
closed in Y for any x E X. From the Remark, we know that T~ is an S-G-L-KKM mapping. 
By (iv), we have for any F = {x0,xl, . .  ,x~} E 5v(X) and {Y0, Yl,-..,Yn} E 5r(Y) which 
corresponds to {xo,xl , . . .  ,xn} in Definition 2, there exists a compact L-convex set EF C Y, 
such that {Yo,Yl,... ,yn} C E f  and 
~cS- (EF) 
By Theorem 3 we have K A (AxEx T~(x)) # 0, i e., there exists 0 E K, such that f(x,O) <_ 3 
for any x E X. Then we have a < infyeK supxE x f(x,  y) < ~, which is a contraction. Then the 
conclusion holds. This completes the proof. 
If S is a single valued mapping, then we have the following corollary. 
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COROLLARY 4. Let X be a nonempty set and (Y, H, {p}) be an L-convex space with H(A) is 
compact in Y for any A E Y(Y) .  Let K be nonempty compact subset of Y. Let S : X --+ Y be 
a function. Suppose that f, g : X x Y ~ R satisfy 
(i) f (x ,  y) <_ g(x, y) fo r  a11 (x, y) e X × Y; 
(ii) f (x ,  .) is lower semicontinuous on compact subset of Y for any x E X,  
(iii) for any F = {xo ,x l , . . . , x ,}  E Jc(X), for any {~o,h, . . . , ik}  C {0 ,1 , . . . ,n}  and any 
y 6 H({S(x,o), S (x l , ) , . . . ,  S(x,~)}), there exists an index I 6 {0, 1 , . . . ,  k}, such that 
f (xn ,y )< max g(x , : ,S (x , , ) ) "  
- O<_ j<_k  
(iv) for any r >_ supxex g(x,S(x)), for any F = {xo,x l , . . . ,Xn} e Jz(X), and for any 
{Yo, YI . . . . .  y,~ } E .P ( Y ) which corresponds to {Xo, X l . . . .  , x ,  } as Definition 2, there exists 
a compact L-convex set EF C Y,  such that {Y0, Y l , - . . ,  Yn} C EF and 
xeS- (E~.) 
Then 
inf sup f (x,  g) < sup g(x, S(x)). 
ycK xEX ~ xEX 
When X = Y, f = g, and S : X ~ X is an identity mapping, the next result follows from 
Corollary 4. 
COROLLARY 5. Let (X, H, {p}) be an L-convex space with H(A) is compact in X for any A e 
Jr(X). Let K be nonempty compact subset of X.  Suppose that f : X x X --* R satisfies 
(i) for any x C X,  f (x ,  .) is lower semicontmuous on compact subset of X;  
(ii) for any F = {xo ,x l , . . . , xn}  E Jc(X), for any { io , i l , . . . , i k}  C {O, 1 , . . . ,n}  and any 
y C H({XZ0 , X,1, . . .  , ~%n })' there  ex is ts  an index 1 C {O, 1, . . . ,  k}, such that 
f (x , , ,y)  < max f(x, .  xb);  
- -  o<_3_<k " '  
(iii) for any r > sup~ex f (x ,  x) and any F = {Xo, x l , . . . ,  x~} E 5v(X), there exists a compact 
L-convex set EF C X,  such that F C EF and 
X F 
Then 
In particular 
inf sup f (x ,  y) < sup f (x ,z ) .  
yEK xEX - -  zEX 
inf sup f (x,  y) <_ sup f (x ,  x). 
yGY xEX xEX 
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